Abstract-There are three different restatements claimed to be equivalent to the definition of discrete-time positive realness (DTPR) in the literature. These restatements were obtained by assuming that they are similar to the results of continuous-time positive realness when the transfer function has poles on the stability boundary. In this paper it is shown that only one of them is equivalent to the DTPR lemma and others are disproved by counter-examples. Furthermore, the DTPR lemma is specialized for minimal systems which have all poles on the unit cycle, the DTPR lemma is also generalized for nonminimal systems, the discretetime bounded real (DTBR) lemma is proven by a simple method, and then the DTBR lemma is extended to the nonminimal case. Continuous-time results are also briefly considered in the Appendix.
I. INTRODUCTION
The classical (continuous-time) positive real lemma and bounded real lemma are very useful in optimal control, stability analysis, and network synthesis for continuous-time systems [1] . The discrete-time positive real (DTPR) lemma and discrete-time bounded real (DTBR) lemma have also been established in [2] - [5] . The DTPR lemma and DTBR lemma have found applications in stability analysis [2] , absolute stability study [5] , low-sensitivity filter design [3] , limitcycle free filter synthesis [3] , solution to the two-dimensional (2-D) Lyapunov equation [6] , and signal processing [7] , [8] . However, there are three different restatements which were claimed to provide the necessary and sufficient conditions for a system to be DTPR, and each one of them is distinct from the others when the system has poles on the unit circle. In this paper it is pointed out that two of the three necessary and sufficient conditions are not equivalent to the DTPR lemma and it is shown that there exist generalized versions for the DTPR lemma and the DTBR lemma when the realization of a discrete-time system is nonminimal.
II. PRELIMINARIES
In this Section, we briefly review the definitions of DTPR and bounded realness and some related results in the literature. Consider a p2p transfer matrix H(z) of a p-input p-output system having entries which are rational functions in the complex variable z and H(z) has the following form: Definition 1 [2] : Let H(z) be a square matrix of real rational functions. Then H(z) is called DTPR if it has the following properties.
i) All the elements of H(z) are analytic in jzj > 1. ii) H t (z 3 ) + H(z) 0 for all jzj > 1.
Applying bilinear transformation to the CTPR lemma [1] , Hitz and Anderson proved the following lemma.
Lemma 1 [2] : Let H(z) be a square matrix of real rational function of z with no poles in jzj > 1 and simple poles only on jzj = 1 and let (A; B; C; D) be a minimal realization of H(z).
Then necessary and sufficient conditions for H(z) to be DTPR are that there exist a real symmetric positive definite matrix P and real matrices L and W such that
Regarding Definition 1, three restatements were proposed in the literature as follows. iii) If z 0 = e j , 0 real, is a pole of an entry of H(z), and if K 0 is the residue matrix of H(z) at z = z 0 , then the matrix e 0j K0 is nonnegative definite Hermitian.
Lemma 3 [4] , [5] : A square matrix H(z) of real rational functions is a DTPR if and only if the following pertains.
i) H(z) has elements analytic in jzj > 1. ii) The poles of the elements of H(z) on jzj = 1 are simple and the associated residue matrices of H(z) at these poles are positive semidefinite. iii) H(e j ) + H t (e 0j ) 0 for all real for which H(e j )
exists. Lemma 4 [8, pp. 245, 246] Obviously, all the above three functions are analytic in jzj > 1.
However, after testing the positive realness of H1(z), H2(z), and 1057-7122/99$10.00 © 1999 IEEE Table I .
As can be seen from Table I 
III. THE DISCRETE-TIME POSITIVE REAL LEMMA
In this Section we develop the DTPR lemma for general (including minimal and nonminimal) realization systems. Lemma 5 is for minimal system H(z) which has all poles on jzj = 1 and Lemma 6 is for general system H(z) without reachability and observability constraints. We call this lemma as generalized discrete-time positive real (GDTPR) lemma. According to (5), (6) , (9), (10) , and (12) we have 
From (9), (10), and (12) 
Based on (4), we can obtain (3) from (14) and (15) 
Clearly, H t (z 3 ) + H(z) 0 in jzj > 1. Therefore, H(z) is positive real.
Remark 2:
As can be seen from the above proof, (9), (10), and (12) are obtained by using e 0j Ki 0. However, they cannot be obtained by using K i 0 which was stated in Lemma 3. Moreover, they cannot be obtained by the condition iii) of Lemma 4 either.
Remark 3:
Based on all of (3), we can directly obtain items ii) and iii) of Lemma 2. Details are omitted here.
Lemma 6-The GDTPR Lemma: Let (A; B; C; D) be a general realization (including minimal and nonminimal cases) of a square transfer function matrix H(z) and let C be the corresponding reachability matrix given by
where n is the dimension of square matrix A. Then H(z) is positive real if and only if there exist real matrices L and W and a real symmetric matrix P with C t P C 0 such that C Since H(z) is minimal and bounded real, all eigenvalues of A are within the open unit circle and (C; A) is observable. Therefore, P given by (23) is positive definite and, obviously, (24) and (26) are identical to (20b) and (20c), respectively. This completes the proof for the necessity part of this lemma.
It is worthwhile to note that our above proof method is a derivationbased method rather than a verification-based method. This means that it can be used to derive new necessary conditions, rather than only verifying existing conditions. For example, we successfully applied this method to get necessary and sufficient conditions for discrete-time lossless bounded real lemmas of multidimensional digital systems [12] and to derive some properties of wide positive realness and wide strict positive realness [13] . We are now in a position to establish the generalized discrete-time bounded real (GDTBR) lemma as follows. 
Proof: The proof of this lemma is similar to that of Lemma 6; details are omitted here for brevity.
V. CONCLUSION
In this paper it is first observed that there are three different restatements which were claimed to be equivalent to the definition of DTPR. It is shown by counter-examples that two of the restatements are incorrect when the system has poles on the unit circle. It can be concluded from Lemma 2 that the conditions regarding the residue matrices at the poles on the unit circle have a different form from their counterpart of the continuous-time case. The DTPR lemma is specialized for minimal systems which have all poles on the unit cycle. Generalized versions of both the DTPR lemma and bounded real lemma are presented for a general realization (including minimal and nonminimal cases) of discrete-time systems. A simple and elegant proof is also given for the necessity part of the DTBR lemma of minimal systems. Continuous-time results for nonminimal systems are briefly considered in the Appendix. It should be pointed out that another GCTPR lemma was presented in [14] , and our GCTPR lemma in this appendix is a modified and improved version of [14] .
